We construct the equation of state for high density neutron star matter at zero temperature using the two-flavor Nambu-Jona-Lasinio (NJL) model as an effective theory of QCD. We build nuclear matter, quark matter, and the mixed phases from the same NJL Lagrangian, which has been used successfully to model free and in-medium hadrons as well as nuclear systems. A focus here is to determine if the same coupling constants in the scalar diquark and vector meson channels, which give a good description of nucleon structure and nuclear matter, can also be used for the color superconducting high density quark matter phase. We find that this is possible for the scalar diquark (pairing) interaction, but the vector meson interaction has to be reduced by a factor of 0.50 ∼ 0.68 so that superconducting quark matter becomes the stable phase at high densities. A similar reduction in the vector field was also found, using the same NJL framework, in a description of the EMC effect in nuclear structure functions. We find that the maximum mass of a neutron star, with a color superconducting quark matter core, exceeds 2.01 ± 0.04 M which is the value of the recently observed massive neutron star PSR J0348+0432. The mass-radius relation is also consistent with gravitational wave observations (GW170817).
I. INTRODUCTION
The study of strongly interacting cold matter at high baryon densities-neutron star matter-has been a very important and active area of research for several decades [1] [2] [3] [4] [5] . This field has attracted increased attention recently however, because of the observation of massive neutron stars exceeding two solar masses [6, 7] and gravitational wave measurements of a binary neutron star merger event [8] [9] [10] . Among the many theoretical tools used to study dense hadronic matter are nonrelativistic potential models [11, 12] , effective field theories [13, 14] , and relativistic theories based on a mean field description of nucleons interacting via meson exchange [15, 16] . The role of hyperons in dense hadronic matter has also been of interest [17, 18] . On the other hand, studies based on effective quark theories of QCD-often using the framework provided by the Nambu-Jona-Lasinio (NJL) model [19] [20] [21] [22] -have focused on the existence of a possible quark matter phase at high densities [23] [24] [25] [26] and the role of color superconductivity [27] [28] [29] . In these approaches the transition between the hadronic and quark matter phases has been described by using either the Maxwell or Gibbs constructions [30, 31] , or by interpolation methods based on hadron-quark continuity [32, 33] . Finite size effects in the mixed phase caused by the surface tension and Coulomb interactions have also been studied [34] [35] [36] .
Using the NJL model with the proper-time regularization scheme [37] , which incorporates important aspects of confinement in hadronic systems [38, 39] , we investigate whether a single effective quark theory of QCD which can describe both the structure of free [40] [41] [42] [43] [44] and in-medium hadrons [45] [46] [47] as well as nuclear systems [46] , can also produce properties for neutron stars which agree with data. In addition, we will require a reasonable scenario for the transition from nuclear matter to the color superconducting quark matter phase. The nuclear matter equation of state which results from this picture, in the mean field approximation, has also been successfully used to describe medium effects on nuclear structure functions (the EMC effect) [45, 46] and response functions [47] . An extension of this model to describe the phase transition to color superconducting quark matter has been described in Refs. [48, 49] . Here we wish to extend this framework to also include the repulsive effects in quark matter which arise from the interaction in the vector meson channels. The importance of the isoscalar-vector repulsion in producing a sufficiently stiff quark matter equation of state has been pointed out in several recent papers [50, 51] , and here we will also include the isovector-vector repulsion which is very important in nuclei [39, 52] .
The model description of a single nucleon is based on the relativistic Faddeev equation in the quark-diquark approximation, where both scalar and axial-vector diquark channels are included [43] . A key question that we will address is whether the same strength of the scalar diquark interaction-which is required to reproduce the nucleon mass and other quark-quark correlation effects in baryons [43] -can also be used as the pairing interaction in color superconducting quark matter. Another aim is to investigate the critical role of the isoscalar-vector and isovector-vector repulsion in the quark matter phase, and compare the required strengths to those adjusted to the saturation density and symmetry energy of nuclear matter. For these purposes we will confine ourselves to two light quark flavors in both the nuclear matter and the quark matter phases, and neglect finite size effects in the mixed phase. We will also discuss the resulting properties of neutron stars in this approach and contrast these with recent observations. The outline of the paper is as follows: Sec. II discusses the NJL model and the parameters that enter the calculations; Sec. III introduces the equations of state for nuclear matter and quark matter; Sec. IV presents a discussion of our results and a comparison with data; and a summary is given in Sec. V.
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II. LAGRANGIAN AND MODEL PARAMETERS
The two-flavor NJL Lagrangian relevant for this study reads [21, 22] :
where ψ is the quark field, m is the current quark mass, C is the charge conjugation matrix, β A = 3/2 λ A (A = 2, 5, 7) are the antisymmetric color matrices, and τ are the Pauli isospin matrices. The 4-fermion coupling constants in the scalarqq channel, the isoscalar and isovector vectorqq channels, and the scalarchannel are denoted by G π , G ω , G ρ and G s , respectively. The other model parameters are the 4-fermion coupling constant in the axial-vectorchannel (G a ) [43] , and the infrared (IR) and ultraviolet (UV) regularization parameters Λ IR and Λ UV , which are used with the proper-time regularization scheme [37, 38] . 1 We stress that in this work we use the same model parameters as in several previous calculations which focused on the structure of nuclear matter systems [39, 46, 52] . That is, the parameters of the model are determined in the vacuum, the single hadron sector, and nuclear matter sector as follows: We fix Λ IR = 0.24 GeV, and choose Λ UV , m, and G π so as to give a constituent quark mass in vacuum of M 0 = 0.4 GeV, the pion decay constant f π = 0.93 GeV, and the pion mass m π = 0.14 GeV using the standard methods based on the gap and Bethe-Salpeter equations [43] . The scalar diquark coupling G s and its axial-vector counterpart G a are then determined in the Faddeev equation approach to reproduce the vacuum values of the nucleon mass (M N 0 = 0.94 GeV) and the nucleon axial coupling (g A0 = 1.267) [45] . Finally, by using the model description for nuclear matter explained in Sec. III, the vector couplings G ω and G ρ are determined from the binding energy per-nucleon in symmetric nuclear matter (E B = −15.7 MeV) and the symmetry energy (a 4 = 32.0 MeV) at the saturation density [52] . We note that in this framework the saturation density of symmetric nuclear matter becomes ρ 0 = 0.16 fm −3 .
The resulting values for the model parameters are given in Tab. I. Using the nucleon matter equation of state presented in Sec. III, and the parameters of Tab. I, gives an effective nucleon mass of M N = 0.744 GeV at nuclear matter saturation and a compressibility of K = 0.370 GeV.
In the quark matter sector there should be no effects from color confinement so we set Λ IR = 0 in this phase. For Λ UV , m and G π we use the same values as in nuclear matter (see Tab. I). For the coupling constants G s , G ω and G ρ we introduce two scaling parameters such that in the quark matter phase , ρ) , therefore the ratio G ρ /G ω remains constant and is the same as determined in nuclear matter. We then investigate the extent to which it is 1 We mention that chiral symmetry of the interaction Lagrangian requires an additional term G ρ ψγ µ γ 5 ì τψ 2 , however this is not directly related to our calculation.
necessary to change c s and c v from unity to achieve a reasonable description of the phase transition to quark matter and neutron star properties.
III. NUCLEAR MATTER AND QUARK MATTER
In this section we present expressions for the effective potential (V) of nuclear matter (NM) and quark matter (QM) in the mean field approximation of the two-flavor NJL model as functions of the two independent chemical potentials µ B and µ I for baryon number and isospin.2 The corresponding chemical potentials for nucleons and quarks are
The electron Fermi gas terms are also included, with the chemical potential µ e = −2µ I determined by β equilibrium. Below we summarize the unregularized expressions, and refer to Ref. [38] for a detailed discussion on the proper-time regularization scheme. The effective potential of NM is given by [48, 49] 
where ω 0 and ρ 0 are the isoscalar-and isovector-vector mean fields in the nuclear matter ground state, which must be determined by minimization of the effective potential. The vacuum (Mexican hat shaped) contribution is
where M is the (in-medium) constituent quark mass, which is also determined by minimizing the effective potential. The Fermi motion of nucleons in the scalar and vector mean fields is described by the term
where the effective chemical potential for protons and neutrons is given by
and
is determined as a function of the constituent quark mass M from the relativistic Faddeev equation for the nucleon, which is approximated as a quark-diquark bound state [43] .
The effective potential for QM is given by [48, 49] Table I . Values for the model parameters which are determined in the vacuum, single hadron, and nuclear matter sectors. The regularization parameters and the current quark mass are given in units of GeV, and the coupling constants in units of GeV −2 . where the mean vector fields ω 0 and ρ 0 in QM are determined by minimization of the effective potential. The vacuum part V vac in Eq. (8) is the same as given in Eq. (5), and the term V Q describes the Fermi motion of quarks moving in the scalar and vector mean fields:
Here E(k) = √ k 2 + M 2 and the effective up and down quark chemical potentials are defined by
The term V ∆ in Eq. (8) arises from the pairing of u and d quarks in the spin singlet color anti-triplet channel, and is given by [28, 29, 48, 49 ]
where
The energy gap ∆ (order parameter of the broken color symmetry) is determined by minimization of the effective potential [48] . The effective chemical potentials for baryon number and isospin are
Using the above forms for the effective potentials, the pressure (P), baryon and isospin densities (ρ B , ρ I ), and the energy density (E) are obtained by
The charge neutrality condition ρ C = (ρ B + ρ I ) /2 = 0 then implies a relation between the two chemical potentials µ B and µ I . The charge neutral equation of state is then a function of only one variable, which we take to be the baryon density ρ B .
The equation of state for the charge neutral mixed phase is then calculated by using the Gibbs construction [30] as follows: If there is a line in the (µ B , µ I ) plane between two points (called X and Y) along which the NM and QM phases have equal effective potentials (denoted as V (mixed) ) and opposite charges, then along this line we have trivially
for any number x 1 . We can calculate the densities and the energy density along this line by differentiation of V (mixed) according to Eq. (13), noting that ∂V (mixed) /∂ x 1 = 0. The requirement that the charge density along this line vanishes, i.e., ρ C = x 1 ρ
as the volume fraction of NM in the mixed phase as
If we approach the point X along a charge neutral line of the NM phase, then x 1 = 1 at point X, and if we leave point Y towards a charge neutral line of the QM phase, then x 1 = 0 at point Y, i.e., x 1 decreases from 1 to 0 along the line X → Y . The baryon density in the mixed phase is then given by ρ
, and a similar expression holds also for the energy density.
IV. RESULTS AND DISCUSSION
The equation of state in the quark matter phase is largely controlled by three parameters in our model: the strength of the attractive isoscalar-scalar pairing interaction (G s ) and the strengths of the repulsive isoscalar-and isovector-vector interactions G v (v = ω, ρ). If we increase the pairing attraction, the baryon density ρ tr where the transition NM → QM occurs decreases, resulting in an overall softening of the equation of state and lower masses of neutron stars. If the pairing interaction is increased beyond a certain limit, QM becomes the stable phase of the system also at low densities, which we regard as unphysical. On the other hand, if we increase the vector repulsion the transition density ρ tr increases, then the equation of state becomes stiffer and the masses of the neutron stars increase. If the vector repulsion is increased beyond a certain limit, NM becomes the stable phase also for high densities, which we again regard as unphysical.
To show these dependencies quantitatively we introduce two scaling factors c s and c v , which are used in the calculation of the quark matter sector such that G s → c s G s and Because the solid line in Fig. 1 extends up to c s = 0.98, we find that in practice it is possible to use the same value of G s for the scalar pairing strength in QM as for the scalar diquark interaction in the single nucleon sector. On the other hand, if we would use the same value of the vector couplings G v (v = ω, ρ) as determined in the nuclear matter sector (see Tab. I), there would be no phase transition to QM. In order to satisfy the three conditions explained above, the vector coupling in QM must be smaller than in NM by a factor of 0.50 ≤ c v ≤ 0.68.5 If the solid line in Fig. 1 is extended towards smaller values of c s and c v , marked by the dot-dashed line, the transition density becomes either very high [condition (1) is not satisfied] or there is no phase transition to QM at all, because the strength of the pairing interaction is too small to support the QM phase. For the other regions of parameter space in Fig. 1 we note that on the right side of the solid line one has essentially only the NM phase (marked as "NM only"), while on its left side there is the narrow region where only condition (1) is satisfied but not conditions (2) and (3). The dotted line terminating at the point R in Fig. 1 is close to the boundary of this latter region. In the parameter region beyond the point R, shown by the dashed line, and in the upper left corner of Fig. 1 , only the QM phase is realized.
As a representative example for the phase structure, we show 5 It is interesting to note that one of the possible explanations of the EMC effect also rests on a substantial reduction of the vector coupling in the high energy (current quark) regime [46, 47] . by the Maxwell construction.6 The lower panel of Fig. 2 shows the phase structure in the plane of the densities (ρ B , ρ C ). The dashed line, which marks electrically neutral matter, passes through the region of the mixed phase (shown in white).
In the top panel of Fig. 3 we show the baryon density of electrically neutral matter as function of the baryon chemical potential for the parameter set B. The jump of the baryon density during the phase transition is about 0.1 fm −3 . In the bottom panel of Fig. 3 we show the constituent quark mass M and the energy gap ∆ as functions of µ B for the same parameter set B. The large jump of the quark mass indicates that the QM in this range of µ B is already reasonably close to a phase where chiral symmetry is restored, although M is still non-negligible. (We confirmed that for small values of c v the drop of the quark mass increases, which is consistent with the findings of other works [5] .) Our values for the gap are in the range 250 ∼ 400 MeV, which is larger than found in calculations by using the three-momentum cut-off scheme [23] .
In the remaining figures we will compare the results obtained for the points A, B, C on the solid line of Fig. 1 , which all satisfy the conditions (1), (2) , and (3) discussed earlier, to those obtained by using the reference point R. The top panel of Fig. 4 shows the pressure of electrically neutral matter as a function of the baryon density for the case of points A, B, and R, as well as the result for the pure NM case. All cases show the pattern which resembles a first order phase transition. Starting with case A, we see that by increasing the pairing strength (A → R) the transition density decreases substantially, resulting in an overall softer equation of state. If the vector coupling is then increased (R → B) the transition density increases again, but stays below case A. As a result, there is a net decrease of the transition density as we go along the solid line of Fig. 1 in the direction of increasing coupling constants (A → C). The lower panel of Fig. 4 shows the result for point C, where the coupling constant G s is practically the same as determined from the free nucleon mass and G v is smaller than the nuclear matter value by a factor of c v = 0.68. The transition density is about 3 ρ 0 for this case.
By using our equations of state as an input to solve the Tolman-Oppenheimer-Volkoff (TOV) equations [54, 55] , we can calculate the properties of neutron stars. The results for the neutron star mass as a function of the central baryon density are shown in the top panel of Fig. 5 for the cases of points A, B, and R of Fig. 1 , and in the bottom panel of Fig. 5 for case C. For case A (high transition density) one can obtain the largest star masses, but the range of stability against density fluctuations (dM star /dρ B (r = 0) > 0) is narrow, i.e., the QM part of the star tends to be unstable. If we increase the pairing strength (A → R), the overall equation of state becomes softer and the neutron star masses become smaller, however the stability of QM in the star is substantially improved. Increasing then the vector coupling (R → B), we can obtain stars which satisfy M (max) star ≥ 1.97 M and show a reasonable range of stability. The bottom panel of Fig. 5 shows the results obtained for the point C in Fig. 1 , which is probably the most satisfying scenario obtained in the present model description.
In Fig. 5 we also indicate the recently observed values of neutron star masses. GW170817 denotes the neutron star coalescence event observed by the gravitational wave measurements [8] [9] [10] , where neutron stars with masses in the range M star = 1.17 ∼ 1.60 M were observed and PSR J0348+0432 refers to the observation of massive neutron stars (pulsars) of mass M star = 2.01 ± 0.04 M [7] . The result of PSR can be considered as a lower limit for calculations of the maximum mass of neutron stars. We see that our points A, B, and C satisfy this constraint, but the maximum star mass for case R is too small. In Tab. II we list the transition densities and maximum neutron star masses for the points A, B, and C, in comparison to the case R.
In the top panel of Fig. 6 we show the relation between the neutron star masses and radii for the cases A, B, and R of Fig. 1 , and the bottom panel of Fig. 6 shows the results for the case C. The low density part of the NM curve (lower part of the solid line in Fig. 6 ) shows the characteristics of a case where the pressure drops to zero (or nearly to zero) at a finite value of the baryon density, as the density decreases,7 which is indicative of a bound state in the absence of gravity. The top panel of Fig. 6 clearly shows that QM in case A (highest value of ρ tr ) tends to be unstable. (The narrow region of stability shown in the top panel of Fig. 5 for case A becomes invisible in the top panel of Fig. 6 .) Moving along the solid line in Fig. 1 the stability of QM is substantially improved, as is shown for the case B in the top panel of Fig. 6 , and in particular for case C in the bottom panel of Fig. 6 . These plots clearly demonstrate the important role of the pairing interaction to stabilize QM, and show that our scenario for the case C is completely consistent with the PSR observation of massive neutron stars [6, 7] . The data for the event observed by GW170817 [8] [9] [10] (M star = 1.17 ∼ 1.60 M , R = 11.9 ± 1.4 km) is also indicated in Fig. 6 , and can be reproduced with a pure NM equation of state.
Finally, in Fig. 7 we show the profile functions for the maximum mass stars. The top panel of Fig. 7 shows the cases A, B, and R of Fig. 1 , and the bottom panel shows case C. We see that in this latter scenario, a neutron star with 2.07 solar masses consists of QM (including a thin shell of NM-QM mixed phase) within a large radius of about 6.9 km.
V. SUMMARY
We have studied the equation of state for cold high density neutron star matter by using the two-flavor NJL model. Our principal aim was to use a model framework which is based on a successful description of hadron structure in vacuum and nuclear matter. One of our important findings is that the same strength of the scalar diquark interaction (G s )-which is required to reproduce the nucleon mass and other quarkquark correlation effects in baryons [43] -can also be used successfully to describe the phase transition to color super- conducting quark matter and the properties of neutron stars. Concerning the repulsive effects of the interaction in the vector meson channels, we fixed the ratio of the isoscalar to isovector coupling constants (G ω /G ρ ) to the value determined from the properties of nuclear matter, and investigated the dependence on G v → c v G v (v = ω, ρ) in the QM phase. We found that this coupling constant must be decreased in the quark matter sector by a factor of 0.50 ≤ c v ≤ 0.68 to obtain a reasonable scenario for the NM → QM phase transition. Interesting, using the same NJL framework to explore possible explanations of the EMC effect [56] [57] [58] [59] in nuclear structure functions, with the same parameters, we found that the coupling of the vector mean field to the struck quark must also be substantially reduced [46] . In this case the reduction was associated with asymptotic freedom in QCD [60] .
For the case where G s is fixed to very near the value determined by the free nucleon mass (c s = 0.98), and G v is scaled by a factor of c v = 0.68 relative to the symmetric nuclear matter values (point C in Fig. 1 ), we found an almost first order phase transition to QM at about 3.1 times the normal nuclear matter density. The maximum neutron star mass in this case is 2.07 solar masses, which is in agreement with recent observations of a massive neutron star [6, 7] . We investigated the dependence of the transition density and neutron star properties on the parameters G s and G v , and demonstrated the need for scalar quark pairing to stabilize QM and the importance of the vector repulsion to obtain massive neutron stars. We found a narrow region around a line in the space of these two parameters (the solid line A → C in Fig. 1 ), which gives a reasonable scenario for the phase transition to color superconducting quark matter and properties of neutron stars which agree with current observations.
The calculations presented in this work should be extended to include the effects of strangeness in both the hadronic and the quark matter phases, and finite size effects in the mixed phase. For the case of single baryons, recent studies have shown that the properties of hyperons (masses, magnetic moments, and form factors) can be successfully described in this NJL framework [61] . In the quark matter phase different types of pairings, such as color-flavor locking, should be included, and the role of a chemical potential associated with color conservation should be taken into account. In our view this work is an important step towards a unified description of single hadrons, nuclear systems, quark matter, and neutron stars in the framework of an effective quark theory of QCD.
